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Abstract

We show how nominal exchange-rate movements can affect aggregate productivity
in a small open economy without changing technology. With sticky invoicing-currency
prices and heterogeneous markups, exchange-rate movements reallocate resources
across firms with different marginal products. A depreciation of the home currency
against the dollar makes imports more expensive and shifts demand toward domestic
firms, especially those with low markups and more elastic demand. It also lowers
exporters’ dollar costs, inducing the same pattern of reallocation when export prices
adjust. Because low-markup firms are already inefficiently large relative to high-
markup firms, this shift worsens resource allocation. Ina quantitative model calibrated
to Chile, this reallocation generates a decline in aggregate productivity. Evidence from
administrative firm-level data supports the predicted reallocation and productivity

decline.
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1 Introduction

In small open economies, aggregate productivity comoves with external conditions and
can fall sharply during large exchange-rate depreciations (Mendoza, 1995; Aguiar and
Gopinath, 2007; Gopinath and Neiman, 2014). Yet in canonical frameworks, a currency
movement does not by itself change what firms can produce, and changes in external
prices have no first-order effect on aggregate productivity (Kehoe and Ruhl, 2008). This
tension raises a natural question: what mechanism makes exchange-rate movements
generate changes in aggregate productivity?

This paper shows that exchange-rate movements can affect aggregate productivity by
reallocating resources across firms with heterogeneous markups. The mechanism com-
bines pre-existing allocative distortions with price stickiness in the currency of invoicing,
allowing nominal exchange-rate movements to alter the allocation of production without
changing technology. We formalize this mechanism in a dynamic small-open-economy
model, quantify it using Chilean administrative data, and test its central predictions in
the same data. We find that broad dollar movements reallocate activity across firms in the
predicted direction and are followed by persistent declines in aggregate productivity.

Consider a home-currency depreciation. Sticky dollar-invoiced import prices rise
in home currency while sticky domestic prices remain unchanged, shifting expenditure
toward domestic firms. Low-markup firms face relatively more elastic demand and
expand their share of domestic production. Because these firms are already inefficiently
large relative to high markup firms, this shift worsens resource allocation.

We allow the elasticity of demand to vary along the demand curve. Firms operating at
different points therefore face different elasticities and charge different markups. Using a
Kimball demand system to capture this variation, we derive how firms’ initial markups
and their responses to relative-price movements shape aggregate productivity. Under CES
demand, markups are common and the first-order productivity effect from reallocation
disappears.

We next introduce intermediate inputs and derive an exact decomposition of aggregate
productivity into three terms. The first is the original across-firm reallocation effect:
a depreciation shifts activity toward low-markup firms with lower marginal products,
reducing productivity, and intermediate inputs amplify this loss because reallocation
operates on gross production while productivity is measured relative to value added,
so the effect is scaled by the gross-sales-to-GDP ratio. The second captures aggregate
input allocation. Because domestic intermediates are underused when domestic suppliers

charge markups, shifts toward domestic inputs improve allocation, whereas shifts toward



labor or imported inputs worsen it; its sign is therefore an ex-ante ambiguous equilibrium
outcome. The third is an import-measurement bias: measured GDP and the cost-based
productivity benchmark assign different exposures to imported inputs, so its sign follows
the response of imported-input quantities and is likewise not determined ex ante.

We embed these forces in a dynamic small-open-economy model with dominant-
currency pricing and discipline it using Chilean administrative and invoice data. An
external borrowing-premium innovation is normalized to generate a one-percent impact
depreciation. Aggregate productivity falls by 0.110 percent on impact, with across-firm
reallocation contributing —0.166 percent. Intermediate inputs increase this allocation loss
by about 18 percent, while the additional input margins partly offset it. The across-
firm component determines the sign of aggregate productivity and remains negative
throughout the first year.

We test the model’s predicted differences across firms using the responses of Chilean
tirms to broad dollar movements. Firms are classified using their markup twelve months
earlier relative to the median within their industry. Following a broad dollar appreciation,
total variable cost falls more at high-markup firms than at low-markup firms, with the
differential response largest after about one year. Aggregating the same panel, aggre-
gate productivity declines at longer horizons. The aggregate response is similar when
productivity is measured as output per worker.

The Chilean exercise conditions on Chile’s high dollar-invoicing share. We therefore
use cross-country variation to examine the second ingredient of the mechanism. Un-
der dominant-currency pricing, common dollar movements should matter more where
a larger share of trade prices is sticky in dollars. Consistent with this implication, pro-
ductivity responses to broad dollar movements are more negative in economies with
greater dollar-invoicing exposure. This evidence supports the invoicing channel rather
than re-estimating the within-country reallocation mechanism.

Taken together, the results show how a nominal exchange-rate movement can generate
aggregate productivity dynamics without any change in technology. The currency of
price stickiness determines how exchange rates move relative prices; the distribution of
markups determines how those price movements reallocate resources; and intermediate
inputs amplify their aggregate consequences. The mechanism is therefore fundamentally
distributional: aggregate exchange-rate movements matter because firms differ in their
initial distortions.

The paper connects the literature on heterogeneous markups and nominal shocks to
the dominant-currency paradigm. Baqaee et al. (2024), Meier and Reinelt (2024), and
Fujiwara and Matsuyama (2023) study how domestic nominal disturbances interact with



markup heterogeneity. We instead study an exchange-rate movement that changes the
prices at which firms compete at home and abroad. Relative to Gopinath et al. (2020),
our key departure is to approximate around a heterogeneous firm distribution, allowing
composition to affect productivity at first order.

The paper also relates to work on variable markups and the gains from trade (Atkeson
and Burstein, 2008; Edmond et al., 2015; Arkolakis et al., 2019) and to the measurement
of productivity in open economies (Burstein and Cravino, 2015; Cravino, 2017). Crisis
mechanisms include imported-variety exit within firms (Gopinath and Neiman, 2014)
and, using Mexican microdata, destination-specific markups and allocative inefficiency
during a sudden stop (Ishide, 2026). We study business-cycle reallocation around an
already distorted allocation.

2 A static small open economy

We begin with a one-period comparison between an initial allocation and the allocation
after a currency movement. Firms produce with labor alone, technology is fixed, and
production is linear in labor. This environment isolates the allocation of labor across
tirms before intermediate inputs alter the mapping from that allocation to aggregate
productivity.

The home economy is small relative to an unshocked dollar block of foreign countries.
Home firms sell both domestically and abroad; foreign firms sell imported varieties in the
home market. Home sales are invoiced in home currency, while imports and exports are
invoiced in dollars. Att = 0, the economy is at its initial steady state and firms inherit their
prices. At = 3, the home currency depreciates. At = 1, a fraction 6 of prices remains
tixed in its currency of invoicing, the remaining fraction reset its prices, and quantities are
allocated at the new prices.

This section takes the realized log changes in the nominal wage and the exchange
rate, (w, e), as conditioning variables. It does not specify the primitive disturbance that
produces the depreciation, an exchange-rate process, or an intertemporal asset-market
closure. We first show how a depreciation affects productivity with fully fixed prices. We
then allow partial price adjustment, which modifies the domestic response, introduces an
export channel, and makes productivity depend on the wage. A static policy benchmark
supplies w/e, allowing the resulting mapping a(w, €) to be stated per unit of depreciation.
The dynamic model in section 3.3 closes the intertemporal economy and generates the

path of e; from a primitive innovation.!

!The environment follows the small-open-economy DCP structure of Gopinath et al. (2020): the home
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Notation. Uppercase letters denotelevels. Let Z, = Z be the initial steady-state value and
Z the value in the post-movement allocation. Unless stated otherwise, the corresponding
lowercase letter denotes the log change between the two allocations: z = log Z; —log Z, =
log Z; —log Z. Time subscripts are suppressed in this section, and a tilde denotes a newly
reset price. Let A, be firm a’s steady-state share of total sales.? Bars on cross-sectional
statistics below denote steady-state weighted means. Let Y denote aggregate real output
and L total labor. In the labor-only economy, aggregate productivity is output per unit of
labor, and its log deviation is

a=y—I

Because firm-level technologies are fixed, a movement in a records only the effect of
reallocating labor across firms. Figure 2.1 records which prices are inherited when the

exchange rate moves and which firms can reset before quantities are chosen.

Figure 2.1: Timing of the conditional one-period comparison

f firm technology is unchanged throughout f
1

t=0 =3 t=1

® @ >
Initial equilibrium Home currency New price configuration
heterogeneous markups depreciates 0 remain fixed; 1-0 reset

sticky dollar
prices revalue
in home currency

Notes: At t = 0, firms inherit the initial price configuration. The currency movement e occurs at ¢ = 1; its
source and subsequent path are not specified in the static comparison. At t =1, a fraction 0 of prices
remains fixed in its currency of invoicing and a fraction 1 — 0 has reset. Firm technology is unchanged.

2.1 Kimball demand and the firm distribution

A unit continuum of home firms is indexed by 0 € [0,1]. We approximate around
the heterogeneous steady-state distribution of firm sizes and markups, so changes in
composition affect productivity at first order. The representative household has period

economy moves against a dollar bloc that does not move with it. Section C studies the common-dollar
counterfactual used to interpret the invoicing comparison in section 4.
2For any firm-level variables z, and v,, define

1
Eilz,] = f Aazq da, Cova(za, va) = Ep[z,04] — Ealz]EA[va],
0

where the subscript A indicates that both the expectation and covariance operators use the weights A,.



utility
Cl—n ., L1+1/C
1-n "1+1/C

where 1/7 is the intertemporal elasticity of substitution, C is the Frisch elasticity, and

u(CL) =

logarithmic utility applies when 7 = 1. The household chooses labor and home and
imported varieties subject to

1
f (PuoCho + ProCro)d0 < WL +T1+ T,
0

where IT denotes profits and 7 net income from the rest of the world. The left-hand side
equals PCC at the optimum. Home consumption C is defined by the generalized Kimball
aggregator (Kimball, 1995),

Ja-m{Za) (e
[)[(1 y)Y((l—y)C +9Y »C do = 1.

The function Y is increasing and concave. Its normalizations fix the units of the aggregate
and of the price aggregator; its curvature determines how the elasticity of demand varies
with a variety’s relative quantity. The subscript i1 denotes a home producer and f a
foreign producer. Thus Cjg is a home variety sold in the home market and Cyg is an
imported variety. The parameter y is the steady-state import expenditure share. Foreign
producers supplying the home market have the same type distribution; the 6 on Cyg
indexes a foreign type, not the corresponding home firm. The function Y is common
across varieties: firms do not receive firm-specific demand curves. They face different
local elasticities because their equilibrium quantities place them at different points on
the common demand schedule. Section 3.5 specifies the Klenow—-Willis schedule and the
productivity distribution used quantitatively.

Foreign demand comes from a unit continuum of identical destination markets. The
home economy has measure zero from the perspective of each destination, so its firms take
destination expenditure and the destination price aggregator as given. Each destination
solves the analogous expenditure-allocation problem, with home varieties entering the
same Kimball schedule as local varieties. Symmetry allows us to suppress the destination
index and write the common aggregate demand and price aggregator as C* and P*. We
integrate a firm’s destination-level sales and denote its resulting export quantity by C; ..
Thus the continuum keeps the foreign price aggregator exogenous while reducing the
tirm’s foreign sales to one export branch; no destination-level heterogeneity is used below.

Each home firm 0 draws fixed productivity Ag from a cross-sectional productivity



distribution, produces one variety with Yy = AgLg, and sells it at home and abroad.
Define its normalized quantities in the two destinations by

qno = (1- )/)C’ e = )/C”

Expenditure minimization gives the inverse demand schedules

Pye , Pl -
> - Y (qno), = Y (q10),

where P and P* are the home and foreign price aggregators entering firms” demand. The
consumer price index P¢ instead measures the expenditure required per unit of C. Stars
denote the foreign destination, and starred prices are in foreign currency. Before integra-
tion, the second inverse-demand equation holds destination by destination; symmetry
permits the destination index to be omitted. The symbol Py, used below, is the price
charged in the home market by a foreign exporter.

Two steady-state restrictions align the destination problem with the firm-level aggre-
gation:

(A1) A home firm occupies the same normalized point gy on its demand curve at home
and in every foreign destination. Its steady-state markup is therefore the same in all
destinations.

(A2) Every home firm divides steady-state sales between home and export markets in the
common proportion (1 —y) : .2

Assumption (Al) is the normalization used in Gopinath et al. (2020). Assumption (A2)
makes destination weights common across firms. Together they imply that the destination-
level sales weights aggregate to Ay, the firm’s total-sales share. Equal initial markups
across destinations remove the first-order productivity effect of reallocating a given firm'’s
labor between home and export sales. The mechanism below concerns reallocation across
tirms. For the exact aggregate price coefficient derived below, foreign exporters also share
the home economy’s Calvo parameter and type-specific desired-pass-through distribu-
tion.

3 Allowing export intensity to vary across firms would add terms involving its covariance with markups.
The common split isolates the reallocation generated by pricing and demand heterogeneity.



Elasticities, markups, and desired pass-through. At a firm’s steady-state normalized

quantity gg, define
oY) b= 0
0 —Y”(EIQ)(]Q, 0 Go — 1/

and
_ dlog Plex 1

po = dlog MC 1 +qo(tty/ te)oe

Here oy is the local residual demand elasticity, 1y the desired flexible-price markup, and
po € (0,1] the elasticity of the firm’s desired price to its own marginal cost, holding
aggregate prices fixed. The derivative uj, is with respect to normalized quantity. By (A1),
the same triplet (o¢, 1o, po) describes a firm in both destinations at the steady state.

The steady-state pricing condition makes the connection between productivity and the
tirm distribution explicit:

ooy = 1
PY((]Q)—[J@AQ.

For a given aggregate real wage, a productivity draw therefore determines the firm’s
point g9 on the common demand curve and hence its elasticity, markup, and desired
pass-through. Under (A1)—(A2), its total-sales weight is

1= Y'(q0)90
6= g -
fo Y'(g5)gs ds

Thus the productivity distribution and the Kimball demand system jointly induce the
weighted distribution of (gg, 0o, e, po). The exchange-rate experiment holds this initial
cross-section fixed and changes prices and quantities around it.

Because firms occupy different points on the same residual demand curve, relative size
provides an economically meaningful ordering of the cross-section. Two assumptions fol-
low: first, desired markups rise with relative quantity (consistent with Marshall’s second
law of demand), or equivalently, large firms face lower residual elasticity of demand oy
and thus charge relatively higher markups. And second, pass-through from marginal cost
to pricesis inversely related to firm size, so that py falls as relative quantity rises (consistent
with Marshall’s third law of demand). Therefore, larger firms are both high-markup and
low-pass-through firms: after a common marginal-cost change, they change their desired
prices less and absorb more of the movement into their markups. This is the joint ordering
emphasized by Baqaee et al. (2024).



The elasticity-weighted sales expectation is

Eilo6z6]

]EAG[ZG] = ]E)\[U@] .

The harmonic sales-weighted markup and the two pass-through means are

-1

p= (]EA[[Jél]) . p=Eipel,  p° =Exlpel

The weights fi/u¢ average to one.

2.2 Dollar pricing and the price level

Let e be the home-currency price change of one dollar, so e > 0 is a home depreciation.
Let p be the price aggregator in the home market and p* its foreign counterpart. Since
labor is the only input and technology is fixed, a home firm’s marginal-cost deviation is
w. The home-currency movement leaves the foreign price aggregator and foreign dollar
marginal cost unchanged, so p* = 0. A home firm that resets chooses

Pro = pew + (1= pa)p,  Po = pe(w —e) + (1 = pe)p’,

in home-currency and dollar terms. A resetting foreign exporter has dollar marginal cost
tixed; in home currency its reset price is

Pro = poe + (1 — po)p.

Thus the same desired pass-through that governs a firm’s response to cost also governs
how far its reset price follows competitors.

The home price aggregator and the CPI are

p = (1 =y)Eslprol + YEaslprol, p© = (1 = )Ealpue] + YEalpsol-

The price aggregator uses elasticity-weighted sales shares and enters firms” demand and
reset prices. The CPI uses expenditure shares. Each firm-level price averages its reset and
inherited Calvo vintages.

A foreign exporter that does not reset has a fixed dollar price, so its home-currency
price rises one for one with e. Aggregating the reset and inherited prices and solving the



tixed point gives (see section A.1)
p=r,w+ye,  p-=xSw+ e,

where _
. (1-yA-06)p°
Yo+ =0)p

The corresponding CPI loading, xS > 0 for 6 < 1, describes how wage increases pass into
reset prices. The coefficient on the exchange rate is exactly the import share y.* The reason
is that an inherited dollar price moves one for one in home currency, while reset-price
feedback is absorbed by the fixed point. This price block is the standard aggregate DCP
response. We first examine its productivity effect with fully fixed prices, and then allow

firms to reset.

2.3 Exchange rates and aggregate productivity

With technology fixed, aggregate productivity changes when production is reallocated
across firms with different markup wedges. High-markup firms produce too little relative
to low-markup firms. A shift in the composition of production toward low-markup firms
therefore worsens the allocation, even if production expands at both types of firms.

A demand shifter common to all firms scales their activity together without changing
this composition. Conditional on (w,e), aggregate demand therefore determines total
activity, while differences in firms’ relative quantity responses determine aggregate pro-
ductivity. Section A.3 derives the firm-destination aggregation underlying this distinction.

Fully fixed prices. To build intuition, begin with 6 = 1. Home prices and dollar export
prices do not change, while the home-currency price of every imported variety rises with
the exchange rate. The home price aggregator therefore rises by p = ye.

Proposition 1 (Depreciation with fully fixed prices). With fully fixed prices, the first-order
productivity response is

a=—-y(1-y)Cse, Cs, = COV/\(ﬁ,GQ).

He

Under Marshall’s second law and nondegenerate markup heterogeneity, C, > 0. For0 <y <1,a
depreciation therefore lowers agqregate productivity.

“Exactness uses the symmetry of the continuum: if foreign price-flexibility moments differ, Appendix
A1 gives the rescaled coefficient.
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A depreciation makes dollar-invoiced imports more expensive relative to home va-
rieties, shifting demand toward home producers. Low-markup firms face more elastic
demand, so their quantities grow faster than those of high-markup firms. Their share of
production rises, worsening an allocation in which they are already relatively too large.
Panel (a) of fig. 2.2 illustrates these different quantity responses. The covariance C, cap-
tures how the firms that expand more are also those with lower initial markup wedges.
Export quantities do not change in this case: dollar export prices, foreign expenditure,

and the foreign price aggregator remain fixed.

Figure 2.2: Reallocation with non-resetting and resetting prices

low markup low markup

same

(flat: big o7) holds its price
\. AlnP \.

AlnP l

ol AlnP

or AlnP

high markup high markup
(steep: small of7) raises its price

()
AlnP = P\
price
ouéu A]n)\
oy Aln P

Ingy (quantity) Ingy (quantity)
q0 (q y Q| y.

In(pe/P) (relative price)
In(pe/P) (relative price)

(a) Non-resetting firms (b) Resetting firms

Notes: Home-market Kimball demand in logs; the local slope is —1/0g. Panel (a) holds a firm's price fixed
while the price aggregator rises, producing the quantity response cgAlog P. Panel (b) holds marginal cost
fixed and lets the firm reset and follow the price aggregator with weight 1 — pg, leaving the smaller
response ogpgAlog P. The gray dashed segment is the fixed-price response.

Partial price adjustment. Now allow a fraction 1 — 6 of firms to reset their prices. At
a given wage, a depreciation still shifts demand away from imports, but resetting home
producers also change their own prices. Their price relative to the home price aggregator
satisfies
p = Pio = polp = ).

Their quantity sensitivity to the gap p—wis therefore 0 pg, rather than o4. Under Marshall’s
third law, low-markup firms also have higher desired cost pass-through. They follow a
rise in competitors’ prices less closely and retain more of the relative-price advantage.
Price adjustment thus changes the size of the response without reversing its ordering

across firms, as panel (b) of fig. 2.2 illustrates.
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Price adjustment also introduces an export channel. A depreciation lowers home
marginal cost in dollars when the wage rises less than the exchange rate. Against the
unchanged foreign price aggregator, resetting exporters choose

Pro = Po(w = e).

Low-markup firms pass more of this cost reduction into their dollar prices and face more
elastic demand, so their exports grow faster. Exporters whose dollar prices remain fixed
do not contribute to this channel. Thus the same quantity sensitivity, ogpg, governs
reallocation among resetting firms in both markets.

Combining the home and export responses gives the productivity mapping with partial
price adjustment. The wage now matters because it affects reset prices in both markets

and feeds back into the home price aggregator.

Proposition 2 (Exchange rates and allocative efficiency). To first order,
a=-We+V,w,
where the exchange-rate and wage loadings are

W, = (1 =) [8Cq + (1 = 6)Cop| + (1 = 6)Cup,
———
home market export market

Wy, = (1= 86)Cop|1 = (1 = p)u| = (1 = )5k Cr

The fixed-price statistic C, is defined in proposition 1; the corresponding statistic for resetting
firms is
_ 1
Cop = Covp| —,00p0 |-
He

Under Marshall’s second and third laws, nondegenerate markup heterogeneity, 0 < y < 1, and
6 <1, both covariances are positive, as are V, and V.

The home-market contribution combines the responses of non-resetting and resetting
tirms. The export contribution comes only from resetting exporters. Both enter the direct
effect of depreciation with a negative sign: holding the wage fixed, production shifts
toward low-markup firms through both markets.

At a given exchange rate, a higher wage raises marginal costs. Among resetting
tirms, low-markup firms raise prices more and reduce quantities more, shifting produc-

tion shares toward high-markup firms and improving allocation. The rise in the home
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price aggregator also increases demand for non-resetting firms, especially those with low
markups, partly offsetting this gain. Under Marshall’s second and third laws, the first
effect dominates, so W, > 0. Wage increases therefore mitigate the direct allocative loss

from depreciation, whereas wage declines amplify it.

A static wage benchmark. Proposition 2 maps the realized movements (w, ) into ag-
gregate productivity. To express that result as a response per unit of depreciation, we use
CPI stabilization as a static benchmark for the wage response. For 6 < 1, setting p© = 0 in
the price equation gives

w__r < 0.

e xS

Corollary 1 (Exchange-rate effect under CPI stabilization). If 6 < 1, a depreciation lowers
aggregate productivity:

2 _ —(\ye+ lc\yw) <0.
e K'(U

Holding the wage fixed would already give a/e = =W, < 0. CPI stabilization requires
the wage to fall, so the wage channel reinforces the direct exchange-rate effect. Section A.7
gives the expression for other static CPI responses. This substitution determines a/e
conditional on a realized depreciation; it does not determine why the currency moves or
its path after t = 1. Those objects are determined by the dynamic equilibrium in section 3.3.

Given (w,e), household labor supply, goods-market clearing, and production deter-
mine consumption, employment, and output. These conditions change the scale of activity
but not its distribution across firms: their common expenditure component drops out of
the covariance in proposition 2. Appendix A.8 records the complete one-period quantity
block.

The comparison above holds firm heterogeneity fixed while varying firms’ ability to
adjust prices. Three further benchmarks show which cross-sectional features are essential

and what remains as prices become fully flexible.

Example 1 (CES demand). Under CES demand, the demand elasticity is constant. Firms
may differ in productivity and size, but they all charge the same desired markup and have
the same desired pass-through. The initial markup wedge is therefore constant across
firms, so C; = C,, = 0. It follows that a = 0 for every exchange-rate movement and every
monetary regime. CES removes the reallocation channel by eliminating cross-sectional

variation in initial desired markups.

Example 2 (Kimball demand around a symmetric firm distribution). Kimball demand

permits markups and desired pass-through to vary with a firm’s position on its demand
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curve. But if the model is approximated around a symmetric firm distribution, every firm
occupies the same point on that curve. Markups, demand elasticities, and desired pass-
through are then common at the approximation point, and both covariances again vanish.
This is the firm-side symmetry in Gopinath et al. (2020). Their model retains strategic
complementarity and the aggregate transmission of dollar-priced trade, but it does not
generate a first-order reallocation of production across firms with different initial markup

wedges. Our departure is to approximate around a heterogeneous firm distribution.

Example 3 (Flexible prices). As 6 — 0, the fixed-price channel vanishes and ¥, = ¥, =
y(2 = y)Csp- Hence
a="y2-y)Cop(w —e).

With heterogeneity retained, only the real gap between home costs and foreign competitors
remains. Thus flexible prices do not eliminate real reallocation, but they remove the
nominal traction: if a nominal depreciation is matched by the wage, nothing moves. Price
stickiness gives nominal exchange-rate movements traction, and the invoice currency

determines which exchange-rate movements transmit (section C).

Remark (Destination-specific markups). Under assumption (Al), a firm charges the same
initial markup on domestic and export sales. This removes the first-order productivity
effect of reallocating the firm’s labor between home and export sales. Evidence from Chile
and Mexico shows that, within firms, export markups are on average lower than domestic
markups (Blum et al., 2024; Ishide, 2026). With such differences, a depreciation that shifts
production toward export sales within firms would add an allocative loss, reinforcing the
across-firm channel. We set aside this previously studied destination margin to isolate

reallocation across firms.

3 Intermediate inputs and quantitative dynamics

Section 2 treated the realized wage and exchange-rate movements as arguments of a con-
ditional productivity mapping. We now construct a quantitative model that determines
their paths. First, we add intermediate inputs and derive their mapping into aggregate
productivity. They amplify the across-firm allocation loss because gross sales exceed GDP,
and they introduce an aggregate input-allocation term and an import-measurement bias.
Second, we embed the resulting production and pricing blocks in a monthly small-open-
economy New Keynesian model in the spirit of Gopinath et al. (2020). The household,
asset-market, market-clearing, and policy conditions close the dynamic general equilib-

rium and determine the exchange rate jointly with quantities and prices.
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3.1 Production with intermediate inputs

To distinguish a firm in its role as an input buyer from the varieties it purchases, index the
buyer by i and the supplier by 6. Firm i produces with labor and a composite intermediate
input,

Yy = ALXS,
where 0 < a < 1is the elasticity of gross output with respect to the intermediate composite.
The composite is defined by the same Kimball aggregator as consumption:

f1[1 T(—ng ) T(X%t) a6 =1
o ( _7/) (1_)/)Xit +7/ VXitl -

Here X!, and XY, are purchases from home and imported suppliers of type 0. At the

reference allocation, paired home and imported supplier types occupy the same point go
on the Kimball schedule. This normalization makes y the steady-state import expenditure
share of the input basket.

The aggregator is homothetic, and all buyers face the same input prices. Their input
vectors are therefore proportional, so they can be aggregated across buyers. Let X; =
f Xitdi, and let X} and X} denote aggregate purchases from each supplier type. Define
the source-specific Divisia quantity changes using the steady-state expenditure weights
Ag introduced in section 2.1:

xf = Ea[xg], " = Ey[xp].

The common Kimball schedule and matched reference quantities make these the input-

expenditure weights within both sources. Differentiating the aggregator then gives
X =1 -y +yxt.

Appendix A.9 derives this relation from the Kimball aggregator.

Because firms purchase the same basket of varieties at the same prices as households,
its unit-expenditure index is the CPI. Cost minimization therefore gives a marginal cost
common across firms,

me; = (1 — a)w; + apt.

The static pricing equations continue to hold with mc in place of w. The cross-sectional
covariances are unchanged: they describe how a common marginal-cost and exchange-

rate movement redistributes demand across the same firm types. What changes is the
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value-added consequence of that redistribution and the set of aggregate input margins
measured by the Solow residual.

3.2 Aggregate productivity

Aggregate productivity is
ar =Y — Arly,

where y; is Divisia real GDP and Ay is the cost-based labor exposure of GDP. This is the
residual obtained by valuing the production structure at marginal cost. In the labor-only
economy, AL =1and the object reduces to a = y — [ in section 2. With intermediate inputs
it has the following quantity representation.

The firm-level reallocation mechanism from section 2 is unchanged. With marginal
cost replacing the wage, its static mapping is

ar = —W.e + WV, mc.

We use ar; for the corresponding across-firm component in the dynamic economy. Inher-
ited price vintages determine its path through proposition 4.

Proposition 3 (Aggregate productivity). To first order,

o= &ay  +&x|A-a)@ -yl -ah|+ s
—— ~——
across-firm reallocation aggregate input allocation import-measurement bias
where
i a@-1 ay(p-1) _
EF = = ’ & =TT N q ¢ =TT N q = O(EOC(l— )
i Yot M E-et-o Y

The first term is the allocation loss of proposition 2, evaluated at marginal cost and
multiplied by &r. The multiplier is the ratio of gross sales to GDP for this reallocation
direction. It is greater than one whenever firms use intermediate inputs. Including
intermediate inputs, therefore amplifies the same across-firm loss; it does not create a
different reallocation mechanism.

The second term compares the domestically produced intermediate with its two al-
ternatives, labor and imported intermediates. Its bracket can equivalently be written
as

(1 -a)x' = (1 - a)l; — ayx™.
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A domestic supplier charges a markup over marginal cost, so its customer faces a private
input price above the input’s domestic resource cost. Home intermediates are conse-
quently underused, while labor and imported intermediates are overused in their place.
A shift from the home intermediate toward either alternative deepens this input distor-
tion and lowers aggregate productivity. A shift toward the home intermediate closes the
wedge and raises aggregate productivity. This is why x enters positively, while /; and
xM enter negatively, and why the loading & is positive when fi > 1. At unit markups, the
private and social input costs coincide and &x = 0.

The final term is a measurement bias, not a productive contribution of imports. Real
GDP already subtracts imported intermediates. The bias arises because the national
accounts make that subtraction using the observed import-expenditure share, whereas
the cost-based productivity benchmark assigns imports a larger exposure when domestic
production carries markups. Their difference is £y > 0, so an imported-input quantity
change leaves &yxM in the measured residual even though technology is unchanged. A
fall in imported inputs therefore contributes negatively to aggregate productivity through
this bias. At unit markups the two exposures coincide, &) = 0, and the bias vanishes.
Appendix A.10 derives the exposure difference from firm sales, variable costs, and the
national accounts and records an equivalent price-and-expenditure representation.

The decomposition is an accounting identity and does not determine how the two
input quantities respond to a depreciation. Their signs are equilibrium outcomes of the
dynamic model below; the quantitative response then maps those movements back into
the economic margins defined here.

Two limits clarify the decomposition. If @ — 0, then & — 1 and &x, Epm — 0, returning
to proposition 2. Under CES demand the firm covariances, and hence ar, are zero, although
input allocation and the import-measurement bias can remain when the average markup
exceeds one. With unit markups and flexible prices, all three terms vanish, nesting the
frictionless neutrality benchmark of Kehoe and Ruhl (2008).

3.3 Dynamic environment

We now embed the production and demand blocks above in a monthly small-open- econ-
omy equilibrium. Unlike the static comparison, the exchange rate is an endogenous
equilibrium variable. Firm productivity and Kimball demand type remain fixed; there is
no entry, capital accumulation, or technology shock. The equilibrium combines four famil-
iar blocks: household optimization, Calvo price setting, goods and input market clearing,
and an asset-market and policy closure. We state the household and firm problems here
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and collect their first-order equilibrium conditions in the next subsection.
Here and below, E; denotes expectation conditional on information available at date .

The representative household has preferences

. Cl 1+
]E t t _ t
O;ﬁll—n VITF1/C

where 1/1 is the intertemporal elasticity of substitution and C is the Frisch elasticity;

$
t+1

that pay one unit of home currency and one dollar, respectively, at date ¢ + 1. If R; and R}

4

logarithmic utility is understood when 1 = 1. Let B;,; and B} , denote one-period claims

are their gross returns, the household’s nominal flow budget is

$

B B
PEC + Izl +E, 1;; = W,L; + TI; + B; + E:B%.

t

The home-currency bond is in zero net supply. The aggregate dollar position is re-
ported below as net foreign debt, and a debt-elastic borrowing premium stationarizes
it as in Schmitt-Grohe and Uribe (2003). The household’s first-order conditions give
the labor-supply, consumption-Euler, and uncovered-interest-parity equations reported
below. Nominal wages are flexible.

Prices remain fixed in their currency of invoicing with probability 6 each month. Home
sales are priced in home currency, and imports and exports are priced in dollars. Consider

tirst a home firm’s price in the home market. Conditional on a reset opportunity, it solves

[0e]

maXx IE; Z 5th,t+k (ﬁhet - MCE),t+k) Che,t+k,

Pher =0

subject to its Kimball demand schedule at every date for which the price remains in effect.
Here Q; .« is the household’s nominal stochastic discount factor. Linearizing its first-order
condition gives

Pror = (1 — BO) [pemct + (1 — po)p:] + BOEpno 1+1-

The expression in brackets is the one-period reset price in section 2.2; the dynamic con-
dition averages the same target over the expected duration of the price spell. The ex-
port and import problems are analogous in dollars. Their corresponding targets are
pe(mc; —e;) + (1 — pg)p; for a home export and (1 — pg)(p: —e;) for a foreign supplier’s dollar
price. The latter equals pge; + (1 — pg)p: in home currency on the reset date. Appendix B.1

records the complete price-state recursions.
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The remaining conditions clear labor, home goods, each intermediate input, and the
two asset markets. Home-currency bonds are in zero net supply, while the current account
changes the dollar position. The domestic interest rate follows an inertial CPI-inflation
rule; uncovered interest parity links it to the dollar borrowing rate and the exchange rate.
Foreign expenditure, foreign marginal cost, and the foreign dollar price benchmark are
tixed. Export quantities nevertheless respond to their dollar relative price through Kim-
ball demand. This is the small-economy asymmetry in Gopinath et al. (2020): the home
currency moves against an unmoved dollar bloc. The primitive disturbance in the quan-
titative experiment is an external borrowing-premium innovation. The full equilibrium
determines the exchange-rate path; after solving it, we rescale all responses so that the
impact depreciation is one percent. This normalization puts the dynamic results in the
per-unit-depreciation units used by the static mapping, but it does not impose the path of
e;. The domestic monetary-policy innovation is zero.

3.4 Dynamic equilibrium and reallocation

Log-linearizing the household and firm first-order conditions and the market- clearing
conditions gives the equilibrium system. We present its blocks in the order in which
they enter the reallocation mechanism: price setting first, household choices and market
clearing next, and the asset-market and policy closure last. At each date, the strategic

price index and the CPI retain their definitions from the one-period economy:

pr = (1 = V)Exs[pnot] + YEislprosl, pe = (1= y)Ealpuos] + YEalpro.l-

Define

(1-0)(1 - po)
5 :

The variable mc; is the trade-weighted home-cost gap relative to the strategic price index.

me; = (1 = y)ymey + ye: — py, Y=

It is the common cost pressure faced by price resetters across the home and export markets.
Aggregating the home-market reset conditions and inherited price vintages gives

A(pr — yer) = BEA(pra — yer) + Ppomey,

Alpf - ye) = BEA(pE, — yewn) + v [ pime: — (pf = p)|-

Writing the equations in terms of exchange-rate-adjusted price indices makes the common
revaluation of inherited dollar prices explicit. The second equation is the CPI Phillips

curve. The first is also required away from CES because Kimball reset prices depend on
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the elasticity-weighted price index rather than the expenditure-weighted CPI. Under CES,
pS =prand p = p° = 1, so the two equations coincide.
The dynamic counterpart of proposition 2 is as follows.

Proposition 4 (Dynamic across-firm reallocation). Given aggregate prices and marginal cost,

(1 + B +1)ag; = arsy + PEiars
+ 9| Cop|mer = (1= y)pi = yer| - (1 = y)p°Comci|
— (1= 7)yCy(Ae: — BEiAer ).

The lag and lead carry the distributional consequences of past price vintages. The two
terms in square brackets are the cost gap faced by firms that reset and the relative-price gap
that moves quantities at firms whose prices remain fixed. The last line is the revaluation
of inherited dollar prices. Both cross-sectional channels vanish under CES.

Using the definition of ar;, the relative-price response entering aggregate labor demand
separates into a sales-weighted mean and the across-firm allocation component. Common
expenditure movements scale every firm and drop out of both. Household optimality and
the common marginal-cost condition are

w —pr = CL+ 1,
¢t = [Esci1 — T]_l(it - IEtAPtCH),

me; = (1 — a)w; + ap’.
Goods, input, and labor-market clearing then give

lt = ®cct + ®x(mct - Ptc)

- O, (]E/\ [09((1 — V) (Pros — pr) + VPZQ;)] + ﬂF,t) + MCy — Wy,
YVe=a;+ Kth.

The coefficients and the cost-based labor exposure are

o . L-NE-0) @ i
o

— 4 ®X = ~7 ®S = —~
‘Ll —
A = 1 —“)(F‘_a)
L= -~ -
(F-a)1-a)
The expectation in labor demand is the average relative-price response of home firms

across their home and export markets, using the same sales weights as the rest of the firm

20



aggregation. The term ar; adds the change in firm composition. Appendix B.1 proves the
equivalence to variable-cost aggregation and records the law of motion.

The source-specific input quantities in proposition 3 are the Divisia quantities defined
in section 3.1. Cost minimization and Kimball input demand determine their equilibrium
movements. Appendix B.1 records their log-linear mapping from input prices. Given
these quantities and ar;, proposition 3 determines aggregate productivity a;, and y; =
a; + XLZt determines real GDP.

The final block closes the asset markets and determines the exchange rate jointly with
quantities. Let p™ and pF denote the home-currency import and export price indices. The

Divisia GDP deflator is
GDP

pePr = pr + vEr(pr — .

The dollar borrowing rate, UIP, the domestic policy rule, and the current account obey

iff = Ppby + Uy, Uy = pPulli—q + &f,

iy = i? + Eier1 — ey, iy = piti—1 + (1 = Pi)ﬁbnAPE/
nx; = y; + ptGDP — ¢ — ptc, b, = ﬁ_lbt_l — nx;.

The first row prices dollar borrowing and specifies its innovation. The second requires
the domestic interest rate to satisfy both UIP and the policy reaction. The final row
links the current-account surplus to the dollar debt position. Here b; and nx; are level
deviations scaled by monthly steady-state GDP, ¢, is the corresponding monthly debt-
premium coefficient, i{ is the home economy’s dollar borrowing rate, and u; is its external
borrowing premium. The debt-elastic premium and UIP link the external position to the
exchange rate and the domestic interest rate. The policy rule responds to CPI inflation
and contains no output term or domestic policy innovation in the reported experiment.
Appendix B.1 derives the cross-border price targets and records the unit and shock-
normalization details.

Together with the cross-border price and input-demand equations in Appendix B.1,
the inherited states, lagged debt and interest rate, and the innovation ¢} jointly determine
all prices, quantities, asset positions, and aggregate productivity.

3.5 Calibration

Data and firm-level markups. The calibration and the reduced-form analysis use the
same monthly panel of Chilean firms. We combine VAT filings on sales, material expendi-

ture, and investment with wage and employment records, annual income-tax information
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on capital, and the universe of electronic tax invoices. The invoices report product-level
prices and quantities from 2014 onward and are used to construct firm-level Tornqvist
indices for output and material inputs. The administrative shock window is 2005-2023;
objects that require invoice-based prices or quantities use the 2014-2023 sample. The
unit of observation is a firm-month, and each firm is treated as producing one composite
good.” The underlying administrative records and their coverage are also described by
Giarda and Martner (2026).6

We estimate monthly firm-level markups using quantity-based production functions.
We estimate a Cobb-Douglas production function by six-digit industry and year, recover
the output elasticity of materials, and divide it by the firm’s monthly material-expenditure
share, following De Loecker and Warzynski (2012). The invoice-based quantity indices
keep output-price variation out of the production-function dependent variable. Because
product-level prices are observed, the production function is estimated in physical output
rather than revenue. This avoids the revenue-based non-identification problem empha-
sized by Bond et al. (2021) when firm-level output prices are unobserved. The resulting
markup distribution supplies the harmonic sales-weighted markup used below. Con-
struction of the quantity indices, production-function estimation, and the fixed firm-level

sorting measure used in the reduced-form exercise are detailed in section D.2.
Kimball demand and the firm distribution. For the quantitative exercise we specialize
the generalized demand system in section 2.1 to a common Klenow-Willis schedule,

_ ox—1 1-— q€1</51<

Y'(q) eXp( ) a(q) = kg%

Ok €K
Here g is a firm’s quantity relative to the destination aggregate, 6k is the demand elas-
ticity at g = 1, and ex governs how rapidly elasticity falls as relative quantity rises:

—dlogo(q)/dlogq = ex/5k. Thus the schedule maps a firm’s equilibrium relative quantity

>Koike and Martner (2026) use the same records while retaining the buyer-product dimension to study
production-network distortions with multiproduct firms.

®This study was developed within the scope of the research agenda conducted by the Central Bank
of Chile (CBC) in economic and financial affairs of its competence. The CBC has access to anonymized
information from various public and private entities, by virtue of collaboration agreements signed with
these institutions. To secure the privacy of workers and firms, the CBC mandates that the development,
extraction and publication of the results should not allow the identification, directly or indirectly, of natural
or legal persons. Officials of the Central Bank of Chile processed the disaggregated data. All the analysis
was implemented by the authors and did not involve nor compromise the Servicios de Impuestos Internos
de Chile. The information contained in the databases of the Chilean IRS is of a tax nature originating in self-
declarations of taxpayers presented to the Service; therefore, the veracity of the data is not the responsibility
of the Service.
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into its elasticity, markup, and desired pass-through.

The firm distribution is obtained by combining this schedule with the cross-sectional
productivity distribution. For each draw Ay, the steady-state pricing condition in sec-
tion 2.1 is solved for go. Revenue g9Y’(qp) then determines the sales weight Ay, and
evaluating the local slope and curvature of the KW schedule gives o0¢, tg, and pg. The
weighted means and covariances in proposition 2 are computed from this induced distri-
bution; they are not calibrated independently.

We set the reference elasticity to 6x = 6.0 and choose the common real-cost normal-
ization so that the induced harmonic sales-weighted markup is 1.20, the value estimated
from the firm panel after rounding. The scale normalization and the cross-sectional
markup match are distinct; their exact mapping is given in section D.3. Conditional on
that scale, Albagli et al. (2026) discipline the curvature of demand using own-cost and
competitor-price responses estimated from the same Chilean electronic-invoice records.
Their relative own-cost loading, 0.24/(0.24 + 0.38), implies ex = 7.92. We use this relative
loading rather than equating either dynamic response coefficient by itself with a static
desired pass-through.

Firm productivity follows a Pareto upper tail,

Amin
a

KA
Pr(AG > ﬂ) = ( ) ’ az Amin/

with x4 = 3.93, estimated from the Chilean firm distribution reported by Giarda and
Martner (2026). Together with the normalization described above, the productivity draws
and the common KW schedule determine the cross-section. Desired pass-through and
the two reallocation covariances are therefore implications of the calibrated cross-section
rather than separate targets, and no aggregate impulse response is used in the calibration.

Table 3.1 summarizes the resulting parameters and moments.

Aggregate and dynamic parameters. The model is monthly, matching the firm panel
and invoice-price data. We set the production elasticity of intermediate inputs to a = 0.20,
the import share to y = 0.30, the Frisch elasticity to C = 0.50, and the intertemporal
elasticity to one. The monthly frequency of regular price changes is 0.405, implying
6 = 0.595 (Albagli et al., 2026). We set B = 0.99'/3, p; = 0.50'/%, and ¢, = 1.5. The annual
debt-premium elasticity is ¢;' = 0.000742, following Schmitt-Grohe and Uribe (2003), and
the external-premium innovation has monthly persistence p, = 0.90. Wages are flexible.
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Table 3.1: Calibration

Object Value Discipline

Panel A. Kimball demand and firm distribution

Elasticity level, 6k 6.00 Reference-point normalization
Superelasticity, ex 792  Chilean invoice data

Pareto tail, x4 3.93 Chilean firm distribution

Harmonic sales-weighted markup, i 1.20  Production-function estimates

Panel B. Aggregate and dynamic parameters

Intermediate-input elasticity, o 0.20  Production

Import share, y 0.30  Expenditure

Monthly price non-reset probability, 6 0.595 Invoice prices

Frisch elasticity, C 0.50  Household labor supply
External-premium persistence, p, 0.90 Monthly process

3.6 Quantitative response

Figure 3.1 reports the first twelve months after the external-premium innovation, normal-
ized to a one-percent impact depreciation. The figure follows the variables entering the
mechanism derived above: the exchange rate and import price, the CPI and marginal
cost, the wage and employment, and the three components of aggregate productivity. Its
tirst panel also reports the otherwise identical no-input across-firm response, making the
intermediate inputs amplification directly visible. The currency movement raises import
prices and employment. Marginal cost and the wage rise, but the movement in home costs
remains smaller than the competitive effect of the depreciation. Across-firm reallocation
is therefore negative from impact through month 12.

Aggregate productivity falls by 0.110 percent on impact. Across-firm reallocation con-
tributes —0.166 percent and remains the largest component. Aggregate input allocation
contributes 0.095 percent: total intermediate use rises relative to labor, and firms substi-
tute home inputs for imports. The import-measurement bias contributes —0.039 percent
because the rise in dollar import prices reduces imported-input quantities. The two input
margins therefore partly offset, with a net contribution of 0.056 percent. Across-firm real-
location is about three times that net input contribution in absolute value and determines
the sign of the total response.

In an otherwise identical economy without intermediate inputs, the impact across-firm

component is —0.141 percent. Introducing the calibrated input share raises its magnitude
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Figure 3.1: Response to a one-percent depreciation
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Notes: Monthly percent log-level deviations from steady state. The exchange-rate path is an equilibrium
outcome; after solving the model, the response to the external-premium innovation is rescaled to a
one-percent impact depreciation. The monetary-policy innovation is zero. Wages are flexible. All panels
show levels, not monthly growth rates or cumulative responses. In Panel (a), the thin gray dashed line is
the across-firm response in the otherwise identical economy without intermediate inputs.
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to —0.166 percent, an amplification of about 18 percent. The total response falls by less
because the two additional input margins have a positive net contribution on impact.
The same ordering persists after impact. Both aggregate productivity and the across-
firm component remain negative throughout the first year, while the two input terms
shrink and continue to offset one another. Intermediate inputs thus matter principally
because they magnify the allocation loss across firms; the additional input margins modify,

but do not overturn, that mechanism.

4 Reduced-form evidence

The empirical analysis separates two implications of the model. In the Chilean firm-
month panel introduced in section 3.5, the firm comparison asks whether activity moves
along the markup dimension predicted by the model, while an aggregate TFP projection
records the companion aggregate response at the same horizons. Because Chilean trade
is predominantly invoiced in dollars, these exercises hold the invoice currency fixed.
An annual country panel uses cross-country variation in dollar invoicing to examine the
complementary exposure margin: whether the productivity response to a broad dollar
movement is concentrated in economies whose trade prices are sticky in dollars. Details
on variable construction, local-projection implementation, and inference are reported in
Appendix D.

For the Chilean exercises, exchange-rate variation comes from changes in the Federal
Reserve broad nominal dollar index described in D. We use the broad dollar index rather
than the bilateral peso—dollar exchange rate because the latter also responds directly to
Chile-specific monetary, demand, and financial shocks, whereas broad dollar movements
provide variation that is unlikely to be driven by domestic Chilean conditions. We define
z; = Alog Ef, where Ef denotes the broad dollar index, so that a positive shock corresponds
to a broad appreciation of the U.S. dollar. Because both the shock and the outcomes are
expressed in logs, the estimated coefficients in this section are elasticities: they give the

log-point response of the outcome to a one-log-point change in the broad dollar index.

4.1 Firm-level reallocation

The theory predicts that the reallocation response varies monotonically along the markup
distribution. For the empirical analysis, we use a representation of the reallocation term in
proposition 3 that remains valid with intermediate inputs and under weaker assumptions

than the closed-form response in proposition 2.
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Corollary 2 (Variable-cost representation of reallocation). Let tvcy denote the log deviation of
firm O’s nominal total variable cost and yg its gross-output log deviation. Under constant returns
and a marginal-cost change mc common across firms,

tvcg = mc + yo, ar = —COVALJﬁ, tVCQ] .
0

Thus the reallocation component in proposition 3 can be written in terms of firm-level markups,
nominal total variable costs, and sales weights.

Because the common marginal-cost term drops out of the covariance, this represen-
tation remains valid with intermediate inputs and provides the firm-level outcome used
below. Itidentifies the across-firm term in proposition 3; aggregate input allocation and the
import-measurement bias require aggregate input data. The derivation is in section A.10.

We implement this implication with a predetermined high-low split rather than esti-
mating the covariance directly. Let y;;1, denote firm i’s markup twelve months earlier,

constructed from the monthly estimates described in section D.2, and define

fo = 1{[vli,t—12 > median ey (Mj,t—u)} ,
The high- and low-markup classification is based on markups observed twelve months
earlier and is therefore predetermined relative to the current shock. Define Ayx;, =
Xten — Xi—1. For horizon h, we estimate

h h H H-L H
Av1og TVCipu = aly, + T, + 8D + BH(DY X 2,) + i1,

where TVC is total variable cost’, the wage bill plus material expenditure; z; is the
broad-dollar movement; and aﬁm and T?(l.),t denote firm-by-month-of-year and industry-
by-calendar-month effects. Baseline standard errors are clustered by industry; Appendix
D reports robustness to two-way clustering by industry and calendar month.

Industry-by-calendar-month effects absorb movements common to firms within an
industry-month cell, so identification comes from the differential response of high- and
low-markup firms within those cells. The coefficient ;""" is the high-minus-low-markup
response. A depreciation shifts activity toward the more elastic, low-markup firms, so the
prediction is /BhH‘L < 0: high-markup firms’ variable costs rise less, or fall more, than those

of low-markup firms.

"Total variable cost is the outcome because it appears directly in the covariance representation of corol-
lary 2.
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4.2 Aggregate productivity

The firm panel is aggregated to the same monthly frequency. The baseline productivity
measure is a capital and labor TFP residual,

akt =log Y/ — sk log Ly — sf log K,

and thelocal projections use its twelve-month moving average to reduce high-frequency

noise. For comparison, we also construct labor productivity,

a- =log Y/ —logL,,

which does not require a monthly capital stock. For either measure, the aggregate local

projection uses the same broad-dollar movement as the firm regression,

Al = Blze+yt +0,  je(KL L},

where " denotes month-of-year effects.

Figure 4.1 places the firm-level reallocation response and the aggregate TFP response
side by side. Panel A asks whether activity moves along the markup dimension, and Panel
B reports the baseline capital-and-labor TFP response to the same shock and at the same
horizons. Neither aggregate productivity measure isolates the across-firm component on
its own; that role belongs to the firm-level variable-cost comparison. The corresponding
labor-productivity response is reported in Appendix D.

The responses are consistent with the model’s reallocation mechanism. Following a
broad dollar appreciation, total variable cost declines more at high-markup firms than at
low-markup firms, with the differential response reaching its largest magnitude after about
one year and subsequently dissipating. Aggregate TFP displays little persistent response
over the first year, but declines thereafter, with the fall becoming more pronounced at
horizons of two to three years. Thus the cross-firm reallocation predicted by the model
precedes a deterioration in aggregate measured productivity. The results are robust to
two-way clustering by industry and calendar month, which leaves the point estimates
unchanged but yields wider confidence intervals, and to using labor productivity in place
of capital-and-labor TFP; both robustness exercises are reported in Appendix D.

4.3 Invoice-currency exposure across countries

The Chilean exercises examine reallocation conditional on dollar invoicing; they do not

compare alternative invoice currencies. The country panel addresses that second ingre-
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Figure 4.1: Exchange-rate responses in the Chilean firm panel

A. Reallocation across markup groups B. Aggregate measured TFP
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Notes: Local-projection responses to changes in the Federal Reserve broad nominal dollar index;
shaded areas are 95% confidence intervals. Panel A reports the high-minus-low-markup response of
total variable cost, where markup groups are defined using markups lagged twelve months. Panel B
reports the response of aggregate capital-and-labor TFP using its twelve-month moving average.

dient. Proposition 5 implies that a pure common-dollar movement has no direct effect
on cross-border prices under producer- or local-currency pricing, whereas sticky dollar
prices transmit it into local currency. The corresponding reduced-form implication is that
productivity responses to the broad dollar factor should be concentrated in economies
with greater dollar-invoicing exposure.

Annual labor productivity is real GDP per hour from the Penn World Table, the dollar
factor is the Federal Reserve broad nominal dollar index, and dollar-invoicing exposure
is the dollar share of imports in Boz et al. (2022).

Table 4.1 reports the response for the high-dollar-invoicing group, the high-minus-low
difference, and the continuous invoicing gradient. The first specification uses country
effects without year effects; the two relative specifications use both country and year

effects. Exact estimating equations, controls, and sample construction are in section D.
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Table 4.1: The dollar factor and annual productivity across countries

(1) 2) 3)
High-DCP response difference gradient
h=0 —0.09*** —0.09** —0.21***
h=1 —-0.13** -0.12* —-0.33**
h=2 —0.15** —0.18** —0.50%*
h=3 -0.16* —0.24** —0.66***

Notes: Local projections of cumulative log labor productivity (real GDP per hour from the Penn World
Table) on the broad dollar factor. Column (1) reports the dollar response for economies whose
dollar-invoiced import share is at least 65 percent and includes country effects but no year effects. Column
(2) reports the difference between those economies and the rest; column (3) reports the coefficient on the
dollar factor interacted with the continuous dollar-invoicing share. Horizons are in years. The sample
contains 16 high-dollar-invoicing economies and 18 others and excludes the euro area. Columns (2) and (3)
include country and year fixed effects. Standard errors are clustered by country. One, two, and three stars
indicate statistical significance at the 10%, 5%, and 1% level.

The estimates have the predicted sign and become larger with the horizon. Relative
to the other economies, measured labor productivity in the high-dollar-invoicing group
is 0.09 percent lower on impact and 0.24 percent lower after three years following a
one-percent broad dollar appreciation. The continuous exposure gradient steepens from
—0.21 on impact to —0.66 at three years. This concentration supplies evidence for the
invoicing assumption that underlies the Chilean exercise. It does not identify the cross-
firm reallocation term or distinguish that mechanism from other effects of dollar-priced
trade.

5 Conclusion

Exchange rates are nominal variables, yet aggregate productivity moves with them. This
paper shows how that comovement can arise without any change in technology. When
cross-border prices are sticky in their currency of invoicing, exchange-rate movements
change relative prices; when firms have heterogeneous markups, the resulting expenditure
shifts reallocate resources across firms with different marginal products. A depreciation
shifts activity toward more elastic, low-markup firms and thereby worsens the initial
allocation. Intermediate inputs amplify this across-firm loss through the production
network and introduce additional input-allocation and measurement margins. In the
quantitative model, these additional margins partly offset one another, while the amplified
across-firm component determines the sign of measured productivity.

The empirical evidence is consistent with this mechanism. In the Chilean firm panel,
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broad dollar movements reallocate variable costs across high- and low-markup firms in
the direction predicted by the model, and aggregate measured productivity subsequently
declines. Across countries, productivity responses to broad dollar movements are stronger
where dollar invoicing is more prevalent, supporting the pricing condition that gives the
mechanism traction. The broader implication is that aggregate productivity dynamics
need not reflect changes in technology: nominal shocks can move measured productivity
by changing where production takes place across an initially distorted distribution of
firms.
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Appendix

A Static and measurement derivations

A.1 The price aggregator

This subsection derives the static fixed point for the price aggregator p used in section 2.2.
For a domestic firm that resets, the home-market price is

Pre = pew + (1 — po)p.

For a foreign firm selling to home under DCP, the reset price in home currency is

Pro = pee + (1 — po)p,

and a non-resetting foreign price is prg = e. Under the Kimball aggregator, a resetter’s
first-order condition weights competitors” prices by their sales and demand elasticities.
Averaging reset and inherited prices under the common Calvo parameter and common

pass-through moments gives

p=>0-y)1-06)[p"w+(1-p)p]
+y{1-0)A-p)p+ [0+ (1 —0)p]e}.

Collecting terms in p yields

[0+1-0)p°lp=1-p)A-0)p’w+y[6+(1-06)p]e,

and hence B
_(1=nA-=05)p°
o+ (1=0)p°

If foreign exporters instead have Calvo parameter ¢ and elasticity-weighted pass-

W+ ye = K,w + ye.

through Pl the exchange-rate coefficient becomes

y[or+@-sppy]
(A=) [6+1=6)p7] +y[6p + (1 - 6p5]

It equals the import share y under the symmetric pricing moments maintained in the main

text.
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A.2 The price block: pass-through into the CPI

The CPI uses sales weights rather than elasticity weights. Direct aggregation gives

pe=(1-y)A-0)[pw+1-pp]
+y{1=0)A - p)p +[6+ (1 -0)ple}.
Using the fixed point of section A.1,
po=[A-»A-8)p+(1-0)1-prs]w
+y[A-0)A-p)+ 0+ (1-09)p]e.

The exchange-rate coefficient is

yA-0A-p)+o+1-0)p]=y.

The wage coefficient is

(1-0)1—-y)[6p+(1-06)p°]
5+ (1—-0)p° ‘

Ko =1=-7)A-0)p+1-06)1-pke =

A.3 Firm-destination aggregation

Lemma 1 (Open-economy reallocation statistic). Let {49 and {, denote the log deviations of
firm O’s labor used for home and export sales. Under (A1)—(A2), the first-order change in aggregate

productivity is

a= COV/\[—i, (1 =)o + ¢,
Ho

Proof. Apply the first-order productivity accounting of Baqaee and Farhi (2020) to firm-
destination cells (0, m), where m € {h, x} denotes home and export sales. With labor as the

only input and fixed firm technologies,

a=—Covae,m |L, f@ml-
m

Om

Under (Al), porn = pox = Ho, so the inverse-markup weight is constant within a firm.

Under (A2), the firm—destination sales shares satisfy

Ao = (1 =7)Ay, Aox = yAg, Ao = Agn + Aoy

Thus the cell weights aggregate to the firm’s total-sales share, and the corresponding

harmonic markup is i = [Ex(u,")]™!. Therefore
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z z *
Exom |—Com| = Er [— (1 =)o + yL5)].
A©, )l#em 0 ] Al#e (( Vo +y e)l

The covariance form follows because E,[fi/ug] = 1 and the aggregate component of

employment growth drops out of the covariance:

a= CovAl—ﬁ, (1= + €,
Ho

At the initial allocation, branch revenue equals oW times branch labor, so within-firm
sales shares also equal labor shares. Holding each firm’s total labor fixed therefore implies
(1=7)two +y L}, = 0 for every 0. Such a reallocation between destinations has no first-order
productivity effect; changes in firms’ total labor allocations can still affect a.

|

A4 Proof of Proposition 1

With 6 = 1, home prices and dollar export prices are unchanged, and p = ye. Since

technology and foreign expenditure are fixed, the branch labor responses are
tho = c + 0p)e, t, = 0.

Substitution into lemma 1 gives
a=—Cov, #i, (I=y)c+y(1=y)oge| = -y -y)Cse.
0

The common expenditure component drops out. Because [i/ug = [i(1 — 1/0g) is strictly

increasing in g, the covariance is positive for a nondegenerate markup distribution.

A.5 The covariance identities

Propositions 1 and 2 define the two reallocation covariances C, and C,,. This appendix
records their closed forms in calibrated moments and decomposes the resetting covariance
into the fixed-price covariance and the sorting of elasticity with desired pass-through.

In the zero-inflation steady state every firm charges its desired markup, so ug =
09/(0g — 1) and [i/ue = [f(1 — 1/0g). Write 6, = E,[og] for the sales-weighted mean
elasticity. This is not the unit-relative-quantity parameter 6x used in the KW calibration
of section 3.5. Then
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Cg:IE/\[[J(O‘Q—l)]—a‘/\:(Fl—l)é_}\—[] > O,

nonnegative because [i/ g is increasing in oy, and, by the definition of p°,

Covalog, pel =6 (p° — p).-

The identity used in proposition 2 follows from aggregation. A resetting firm’s quantity
moves with ogpg per unit of the common cost gap, so C,;, summarizes the response of
tirms that reset their prices. Using E,[fi/1¢] = 1 and [E)[oopo] = 5197,

Cop = E [fi(0o — 1)po] —3ap” = (1 — 1) 59" — fip = pCy + (7 — 1) Cova [0, pol.

These identities relate the fixed-price and resetting statistics used in propositions 1
and 2.

A.6 Proof of Proposition 2

With foreign expenditure fixed, demand changes are

*

Cho = c—oo(pre — p), lo = =001 — 1), p"=0.

For domestic sales,

po(w —p), if the firm resets,

Pro —p =
-p, if the price is sticky.
For export sales under DCP,
. po(w —e), if the firm resets,
"o 0, if the price is sticky.

Taking the type average over the Calvo states gives

(1=l + 7Ly = (1= y)c = (1 = 8)dope|(1 = )@ = p) + y(w — )] + 5(1 = y)oep.

Substituting this expression into lemma 1 eliminates the common expenditure compo-

nent and gives
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2= (1-8)Cop| (1= )@= p) +y(w—e)| = (1= )5Cqp.

By the fixed point of section A.1,

A=-w-p+yw-e)=[1-1-y)x,]w—-y2-yp)e.

Substitution yields

a=-y[(1-8)Cop(2-y) + (1 =)5Cs| e +[(1 = 8)Copll = (1 = Y)xu] = (1 = )5C1c0 | w.

This is a = =W,.e + W, w. The market-specific expression in proposition 2 follows by
writing 2 —y = (1 — y) + 1: the first term is the home-market contribution and the second
is the export contribution.

To sign the wage loading, use the covariance identity in section A.5:
Cop = P°Co = 1P = P)-

Substituting this identity and «,, = (1 — y)(1 = 6)p°/[6 + (1 — 6)p°] into the coefficient on w
gives
W, =(1-0)[yR-1)p"Cs +{1- (1 - p)xalae® - p)].

Marshall’s second law implies C,; > 0, and the third implies p°—p > 0. Since 1-(1-y)x, >
0, W, > 0. The inequality is strict when 6 < 1 and the firm distribution is nondegenerate.

A.7 Static monetary regimes

The main text uses strict CPI stabilization. More generally, let the static CPI response be
p© = —xe. Combining the price block p¢ = x{w + ye with proposition 2 gives

w y+Xx a W,
—=—-—, -==-W, - —((y+)).
. s . Kg(y X)

When 6 < 1 and firm heterogeneity is nondegenerate, W, > 0, so a larger yx increases the
allocative loss. Strict CPI stabilization sets y = 0; a fixed nominal wage sets y = —) and
gives a/e = —\W,. A hard peg sets e = 0 and lies outside the exchange-rate experiment in
proposition 2. These formulas map the wage response under each regime into allocative
efficiency.
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A.8 Conditional one-period quantities

For any realized pair (w, ), household optimality, goods-market clearing, and production
imply

c /

w—p- =nc+ =

C,
= (1= )= Ex[oo {(1 = 1)puo — p) + 1Pi0)]
y=a+l

The expectation is the sales-weighted demand displacement generated by firms’ relative
prices; when positive, it lowers aggregate sales at given expenditure. These equations
determine (c, , y) conditional on (w, €). No equation in the one-period comparison selects
the source or subsequent path of e. Their common expenditure component scales firms
proportionally and therefore drops out of the covariance in section A.3. The implied ex-
ternal balance is residual in the one-period exercise; section 3.3 supplies the intertemporal
UIP and current-account closure.

A9 Aggregation of the Kimball input basket

Index an input-buying firm by i and a supplying variety by 6. The intermediate composite
used by buyer i is the unique Xj satisfying

(1-9)Y o Y‘X%t)de—l Al
fl V’((l mye )W(yxﬁl =1 (A1)

The ratios inside Y make this aggregator homogeneous of degree one. At the reference

allocation, let the normalized quantity supplied by either source be g9, and define

1 v
Dy = f Y(go)godo, X = L) (A2)
0 Dx
Log differentiating (A.1) around that allocation gives
1
=(1- V)f Y’(%)%(xgt - x;)dO
° (A.3)

fY(%)%( or — Xir) dO.
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Dividing by Dy therefore yields
Xip = (1 = ) Epx[xff,] + yEx[xjg,]. (A4)

All buyers face the same supplier prices. Homotheticity then implies X3, = d} X for
s € {H, M}, where d, is common across buyers. Hence, with

Xt = int dl, Xs@t = leS-Qt dl,

we have Xj, = d} X;. The aggregate input vector is therefore collinear with every buyer’s
input vector and satisfies the same Kimball constraint with composite X;. Applying (A.3)

to that aggregate vector and defining
xfl = IE‘AX[XIQ_It]/ xi\/l = IE/\X[ Qt]

therefore gives
x; = (1 =) +ya. (A.5)

The same weights arise from expenditure minimization. If P denotes the price ag-
gregator associated with (A.1), its first-order conditions are Pj, / PX = Y'(q5,)- Thus Ag is
the within-source expenditure share at the reference allocation. Because the two source
distributions are matched, their total expenditure shares are 1 — y and y. The exact

unit-expenditure index consequently satisfies

pe ==y +ypt,

(A.6)
pi = Exlpy,]l,  se{H M}

Under the common-basket normalization of the main text, )\g = Ap, and the unit-
expenditure index is the CPI. Buyer-specific input prices or input baskets would break the
proportionality used above and introduce additional aggregation terms.

A.10 Proof of Proposition 3

The result can be obtained directly from firm sales, variable costs, and the national ac-
counts. Index a firm and destination by (6,m), with m € {h, x} for home and export
sales. Let Ry, be steady-state revenue and let Vy,, be the variable cost assigned to that

branch. Constant returns, no fixed costs, and equal steady-state markups across a firm’s
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destinations imply

Rom
Vem = i
Ho

Writing S = Y.y ,, Row and V = }'g,, Vo, define branch sales and variable-cost weights by

Aom = (A7)

R Vv
%/ Wom = ﬂ = Aemﬁ/ V=

<
()
= W»n

Under (A2), Agy, = (1 —y)Ap and Agy = yAg. Define wg = }.,, wom, so that wg = Agfi/po.
If Yo, is the branch quantity deviation and o = (1 — ¥)yen + YYox, the difference between

sales-weighted and variable-cost-weighted gross output is

ar = Ex[yel — Eulyel
i1 (A.8)
= — CovAlﬁ, ygl .
He
This is the covariance in lemma 1. It follows here from the different weights used to
aggregate the same firm quantities, rather than from an aggregate production function.
Let s and v denote the log deviations of S and V, and let uu9 and u,9 denote log
deviations of realized markups in the two destinations. Since the marginal-cost deviation
is common across firms,

s =mc+ E[yol + (1 — y)Ei[unel + YEAltixol,

(A.9)
v=mc+E,[yo]l =w+1L

The last equality uses WL = (1 — a)V: the labor bill and total variable cost have the same
log change because their ratio is fixed.

Steady-state nominal GDP is domestic gross sales less intermediate expenditure,
[E[ —

o

nominal GDP=S-aV =S

Hence gross sales and intermediate expenditure have steady-state GDP exposures & and
&r — 1, respectively. Differentiating this level identity and using (A.8)-(A.9) gives

y+ pGDP =w+ 1+ &rar + & [(1 - )/)IE/\[‘uhQ] + VIE'/\[‘UXQ]] ’ &r = ‘L_l% (A.10)

Thus the multiplier on ar comes directly from converting gross sales into GDP.
We next subtract the GDP deflator. In the balanced-trade steady state, consumption
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equals GDP. Final imports therefore enter consumption and imports with opposite signs
and cancel from the deflator. Exports have GDP exposure y&r, while imported intermedi-
ates have GDP exposure ay /(i — a), and domestic final expenditure has share 1 — ). The

Divisia GDP deflator is consequently

a

pPP = (1 — )t + y&ept - Fl—_yapM. (A.11)
To first order, p = mc+ )] and p* = mc+ Ej[u1p]. Substituting these expressions and
(A.10) into a = y — Arl cancels the export-markup term and gives

a=Epap +w+ (1= A+ (1= ) (& — DEA[he]
W, (A.12)
— (XP .

—(A-y+yép)me+ —

It remains to collect the common-input terms. Let a = a(1 — y). The external-demand
exposure to domestic gross outputis 1-y+y&r = (i—a)/(f— ). Repeated use of domestic
intermediates multiplies that exposure by 1+a+a?*+- -, and labor has share 1 — « in each

round. Hence

Au=(-0)—"—t

(a-a)1-a)
The intermediate-input basket has the CPI cost index, p¢ = (1 — y)p" + yp™, and mc =
(1 — a)w + ap©. Using p™ = mc + E,[pe] therefore yields

(1 — @)w + aE[une] + aypM

mc = (A.13)

1-«a

Substituting (A.13) into (A.12) and collecting coefficients gives the equivalent price-and-

expenditure representation

a = Epar — ExBalune] + Em(w +1—pM), (A.14)
where _
) -1
E-ot-n M @-a0-a)

In particular, 1 - KL =&vand Ep/Ex =y /(1 =).
Finally, section A.9 and cost minimization give

pC:(l—y)pH+pr, x:(l—y)xH+yxM, w+l:pc+x.
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Using these identities, mc = (1 — a)w + ap®, and the coefficient ratio above, the last two
terms in (A.14) satisfy

— Ex(p™ = me) + Ep(w + 1 - p™)
=&x(1—a)x = 1) + Eux (A.15)
= &x[(1- @)= D) + (" — 6] + .

The final term in the last line is the import-measurement bias. In the notation of the
open-economy accounting decomposition, &y is the gap between the cost-based exposure
of GDP to imported inputs and the import-expenditure share used in measured real GDP.
Thus &yxM is not a technology contribution of imported services. It is the part of an
imported-input quantity change left in the measured residual because the two exposure
weights differ. The preceding bracket retains the associated input-allocation movements.
Combining (A.14)-(A.15) proves proposition 3.

The proof uses the common input elasticity &, common import share y, and common
input basket imposed in the model. Firm-specific input shares or firm-specific input prices
would add further covariance terms.

A.11 Variable-cost representation used in the empirical analysis

For each firm, nominal total variable cost satisfies
tvecg = mc + Yo.

The change in marginal cost is common across firms under the common input basket. It

therefore drops out of (A.8), yielding

ar = —COVAli, tVCQl .
He

This proves corollary 2. The demand system and price-setting assumptions determine
how an exchange-rate movement changes the covariance; the representation itself requires

neither a parametric demand curve nor a particular asset-market closure.
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B Dynamic derivations and unit conventions

B.1 Cross-border price and quantity aggregation

Section 3.4 states the complete dynamic equilibrium. This appendix derives the cross-
border reset targets and the quantity aggregation used in labor demand, then records the
unit conventions used in the external block. Unless otherwise stated, variables are log
deviations from the zero-inflation steady state. Net foreign debt and the current-account
surplus are level deviations scaled by steady-state GDP.
For any Calvo price index p{ with reset target z{, the reset price and the inherited-price
index obey
pi=(1-po)z + BOEp. ., pl=0p_ +(1-0)p. (B.1)

The three targets used in section 3.4 are
Zi\/f,ﬂi =1 =p)p:—en), Zf'$ = p(mcy — e), Z?/L&G =1 -p°)p: —e). (B.2)

An exporter to the home market has fixed foreign marginal cost and resets against the
home competitive benchmark in dollars, p; — ¢;. A home exporter instead resets against
its own dollar marginal cost, mc; — e;, because foreign expenditure and the foreign dollar
benchmark are fixed. Replacing expenditure weights by elasticity weights gives the third
target. Eliminating the reset price from (B.1) gives

(1 +B6P)p] = opl_, + BOEpL., + (1 = 6)(1 - po)z.

Substituting the three targets in (B.2) produces the price-state equations used in the quan-

titative equilibrium. In home currency;,

M _ _M$ E _ ES$ Mo _  M$,o
pe =py " e Py =p; te py =P e

The first two indices value imports and exports in the national accounts. The third is the
elasticity-weighted import-price index entering Kimball input demand.

To interpret the quantity block, define a firm’s destination-weighted relative price by

ot = (L= )Prot — Pr) + VPho s

After collecting expenditure movements common to all firms, Kimball demand gives the
firm quantity response —og@g:. Let wg = Agfi/ g denote the firm’s steady-state variable-
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cost weight. From ar; = E,[ye:] — Eolyoe:],

ary = Eyloe@o] — Eiloepor]-

Hence the relative-price term in main-text labor demand is [E,[0o@¢:] + ar;, which equals
the variable-cost-weighted response E,[0¢@g:]. Write 6, = [E,[06] for the sales-weighted
mean demand elasticity. Calvo-vintage aggregation then gives

(1 + B+ P)Ey[oeper] = Eoloe@es-1] + PELE,[00¢e,i1]
+ P[y52p°@2 = y)(me; =€) + Cop[me, = (1= )pe = el
— (1-y)p"Cyinc|
— (1 =y)y@1 + Cs)(Ae; — BE;Aey11q).

(B.3)

Together with the law of motion for ar; in proposition 4, this is equivalent to aggregating
firm demand under sales and variable-cost weights. Common expenditure growth scales

every firm and drops out of both cross-sectional objects.

B.2 Aggregation and monthly units

Let total variable cost be V;. Cost minimization gives W,L; = (1 — a)V; and PtCXt =aV,.
Since both expenditure shares are constant, their log changes imply

Xy = Wy + lt ptC (B4:)
Kimball input demand and the Divisia identity for the common input basket give

M
H_ XtV

M =x, = GA(pM — ), X = y (B.5)

These equations determine the source-specific quantities used in proposition 3.
The main text scales both net foreign debt b; and the monthly current- account surplus
nx; by monthly steady-state GDP. This normalization gives

= (Pbbt + Uy, bt = ﬁ_lbt_l — nXy. (B6)

To connect this notation to an annual convention, let bf‘ = b;/12 denote debt relative to
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annual steady-state GDP and let ¢; be the annual debt-premium elasticity. Then

A A
o s o
t 12

_ 1
¢y = 11’ i bf‘ + Uy, bf =p 1bf‘_1 — —nX;. (B.7)

12
Thus (B.6) is exactly the monthly-unit representation of the annual calibration used in the

quantitative implementation.

B.3 Shock normalization

The equilibrium is solved at first order at monthly frequency, with ¢} as the primitive
innovation and e; as an endogenous variable. We first compute the response to a unit
innovation in ¢}, then divide every response by the impact response of ¢;. The displayed
paths therefore set ¢y = 1 and report percent log-level deviations per one-percent impact
depreciation. This normalization changes units but neither imposes the exchange-rate

path nor changes the equilibrium decomposition.

C Invoice currency and common-dollar exposure

The body studies a small economy moving against an unmoved dollar bloc. The annual
evidence in table 4.1 asks a different but narrower question: whether a broad dollar
movement has a larger effect where more trade is invoiced in dollars. The connection
is a necessary condition involving invoicing exposure. Markup heterogeneity and sticky
prices determine the allocative consequence once cross-border prices move; the invoice
currency determines whether the common dollar factor moves those prices in the first
place.

Proposition 5 (Common-dollar exposure). Consider a pure common-dollar movement in which
all non-dollar currencies depreciate by e against the dollar while bilateral exchange rates among
them remain unchanged. Suppose a fraction ¢ of cross-border prices is sticky in dollars and the
remainder is sticky in producer or destination currency. The direct effect of the common dollar
movement on cross-border price indices is proportional to ¢ and vanishes at ¢ = 0. Under pure

producer- or local-currency pricing, the movement is neutral under the conditions stated below.

To see the result, consider first a non-resetting import price. If it is fixed in dollars,
its local-currency value is p* + ¢, so the common dollar movement passes through one for
one. If it is fixed in the producer or destination currency, the relevant bilateral exchange

rate between two non-dollar economies has not moved, and the local-currency price is
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unchanged. With a non-reset probability 0, the direct contribution to the import-price
index is therefore ¢de; expenditure shares add the corresponding trade weights to the CPI
and strategic price indices.

Reset prices do not add a separate term in the common dollar movement. Expressed
in a common local currency, the seller’s marginal cost and competitive price index move
together. For example, under dollar invoicing a foreign exporter’s reset price converts

from

po(ime —e) + (1= po)(p —e)

in dollars to
pemc + (1 — po)p

in local currency. The common dollar component cancels. Hence only the sticky dollar-
priced cells transmit the pure common factor directly, and their mass is proportional to
o.

At ¢ = 0, prices are sticky only in producer or destination currencies. Since the relevant
bilateral rates among non-dollar economies are unchanged, both fixed and reset prices
are unchanged. With no other disturbance, the coefficient on the common dollar factor
is zero, and the equilibrium response is zero. This neutrality assumes that direct trade
with the dollar bloc has zero measure, that the movement is a pure common factor rather
than a collection of bilateral shocks, and that wages and domestic prices are set in local
currency.

The proposition supplies a necessary condition, not a quantitative relationship between
an invoicing share and a country’s full equilibrium response. It is the restriction taken to
the annual panel: common-dollar effects should be concentrated where dollar invoicing
is prevalent. The country regressions do not re-estimate the within-country reallocation

mechanism or a symmetric global equilibrium.

D Data and estimation details

D.1 Data sources and sample

We assemble the firm-month panel from Chilean VAT filings for sales, materials, and
investment; wage and employment records; annual tax filings for capital; and electronic
invoice records used to construct firm-level output and input price and quantity indices.
Giarda and Martner (2026) use the same administrative sources and provide further details
on their coverage.
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The administrative shock window is 2005 to 2023. This matches the main shock
window in Giarda and Martner (2026). Electronic invoice price and quantity indices are
available from 2014 onward. The markup split and aggregate productivity measures
that require those indices therefore use 2014-2023; specifications using only nominal
administrative records can use the full window. We do not impute pre-2014 quantity
series.

The baseline observation is a firm-month, and each firm is treated as producing one
composite good. The analysis therefore does not use buyer-product cells or transaction-

level invoicing observations.

D.2 Firm-level markup estimation

We estimate markups using a quantity-based production-function approach. Giarda and
Martner (2026) provide a parallel implementation using the same administrative sources.
Electronic invoices identify product-level prices and quantities for goods sold and inter-
mediate inputs purchased by formal firms. We first construct firm-level Tornqvist indices
for output and materials from seller-product observations that appear in consecutive pe-
riods. These indices remove firm-specific output and input price movements before the
production function is estimated.

For firm i in six-digit industry s and year t, the production function is Cobb-Douglas

in labor, capital, and materials:
! k
Gir = Sglie + ki + SLmy + wir + €5,

where lower-case variables are logs of physical quantities, w; is productivity observed by
the firm when it chooses inputs, and ¢; is an unanticipated disturbance. We estimate the
production function by industry-year using the control-function method of Ackerberg et
al. (2015). Materials are the flexible input. Let

denote the firm’s material-expenditure share in revenue. The materials first-order condi-

tion then gives the monthly markup estimate

Sm
Wit = g s
it
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as in De Loecker and Warzynski (2012). Because g; and m; are quantity indices, variation
in a firm’s own output price does not enter the dependent variable mechanically. The
maintained Cobb-Douglas specification makes the estimated material-output elasticity
common within an industry-year, while the monthly material share generates within-
year markup variation.

The calibration uses the harmonic sales-weighted mean,

o= (e fa])

For the reduced-form high-low comparison, we classify firms using their estimated
markup twelve months before the current shock. At each date, firm i is assigned to
the high-markup group if 11;,-1» exceeds the median lagged markup among firms in the
same industry. Thus the sorting variable varies over time but is predetermined relative to
the contemporaneous exchange-rate movement.

D.3 Demand calibration details

Under the KW schedule in section 3.5, 0(q) = 6xq /. The Lerner relation therefore
implies
[1‘1 1 ]EA[LIZK/(TK].

Ok
The reference elasticity 6x = 6.0 fixes the local markup at g = 1; by itself it does not fix
the harmonic markup of a heterogeneous firm distribution. After solving the steady-state
quantity and sales-weight distribution, we choose the common real-cost normalization so
that IE A[qg’(/ K] = 1. The induced harmonic sales-weighted markup is then 1.20, matching
the rounded firm-panel estimate.

At the reference quantity, the KW desired own-cost response is

ox—1
p(1) = Gr—1ltex
Albagli et al. (2026) estimate price responses to own costs and competitors” prices of 0.24
and 0.38 using the same Chilean electronic-invoice records. We match their relative own-
cost loading, 0.24/(0.24 + 0.38), rather than either dynamic coefficient in isolation. This

gives ex = 7.92.
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D.4 Chilean local-projection implementation

Total variable cost is the wage bill plus material expenditure. At each date, firms are
classified as high markup when their markup twelve months earlier is above the median
lagged markup within their industry. The firm-level local projection absorbs firm-by-
month-of-year and industry-by-calendar-month effects and includes the high-markup
indicator and its interaction with the broad-dollar movement. Responses are cumulative
relative to t—1 and are estimated through 36 months. Baseline standard errors are clustered
by industry.

Aggregate value added is sales minus material expenditure. Employment and the
nominal capital stock are aggregated across firms each month, and nominal value added is
deflated using the GDP deflator. The capital-and-labor TFP residual is constructed using
monthly labor and capital cost shares, normalized to sum to one. Both TFP and labor
productivity are expressed as twelve-month moving averages. Their local projections use
the same broad-dollar movement and include month-of-year effects.

Figure D.1 reports the robustness exercises referenced in the main text. Panel A uses
two-way clustering by industry and calendar month for the firm-level reallocation regres-
sion; this leaves the point estimates unchanged but widens the confidence intervals. Panel
B replaces capital-and-labor TFP with labor productivity and yields a similar aggregate
response.

Figure D.1: Robustness of the Chilean local projections

A. Two-way clustered inference B. Labor productivity

TBD

0 4 8 2 16 20 24 28 32 36
Months after shock

Notes: Panel A reproduces the firm-level response in fig. 4.1 with standard errors two-way clustered
by industry and calendar month. Panel B reports the aggregate local-projection response using labor
productivity rather than capital-and-labor TFP. Shaded areas are 95% confidence intervals.
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